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ROBERTO MOSSA 

Abstract. We provide a lower and an upper bound for the first eigenvalue 
of a noncompact real analytic Kahler manifold in terms of Calabi's diastasis 
function and diastatic entropy. In particular we obtain explicit lower bounds 
for the first eigenvalue of the geodesic balls of an Hermitian symmetric space 
of noncompact type. 



1. Introduction and statement of the main results. 

The first eigenvalue X\(M,g) of the Laplace operator of a riemannian manifold 
(M, g) is one of the most natural and studied Riemannian invariant. When M is 
noncompact, it is defined by 

Ai (M, g) = inf {Ai (D) : D C M is a bounded open domain} , 

where the first eigenvalue Ai(D) is the smallest A that satisfies 

Am = A u 

for same non zero function u on M with u\Qr> — 0. We are interested in finding 
upper and lower bound of Xi(M,g) in the case of noncompact Kahler manifolds 
(we refer to [2] and reference therein for the compact case). More precisely, we 
consider the case of real analytic Kahler manifold which admit a globally defined 
Calabi diastasis function T> p : M — > R (see [9] and section below for the definition 
of the diastasis and the main properties). Our first result is the following theorem 
where we give a lower bound of Ai(M, g) in terms of T> p . 

Theorem 1. Let (M,g) be a real analytic Kahler manifold of complex dimension 
n and assume that there exists a point p € M for which the diastasis T> p : M — > K 
is global defined. Then 

4n 2 

< Ai (M, g) , (1) 



X(p) 

where X (p) = sup ? ||<i 9 I?p|| 2 . 

The idea of using Calabi's diastasis function comes from the fact that it takes 
into account not only the riemannian structure but also the complex structure of 
the underlying Kahler manifold. For example the author together with A. Loi |15j 
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defined and studied the concept of diastatic exponential defined by substituting, in 
the usual exponential map, the geodesic distance with the diastasis. 
In the riemannian setting there exists a well-known upper bound of Ai (M, g) in 
terms of volume entropy. More precisely (sec Remark [T] below) let \M,lj^ be the 
riemannian covering of a compact manifold (M, g) we have 

Ent v 2 ( M 



\i{M,g)< £ L ( 2 ) 

The volume entropy Ent v (M, g) (also known as the exponential rate of the volume 
grown) of a compact manifold [M,g], with riemannian covering ^Af,(/j, is defined 

by 

Entv (M, g) = lim - log Vol (B p (t)) . (3) 

t— >oo t 

Here Vol (B p (t)) is the volume of the geodesic ball B p (t) C M of center p and 
radius i. Integrating ([3]) by parts, the volume entropy can be equivalcntly defined 
as the infimum of the positive constants c such that the integral 

e~ cI " dv (4) 

M 

is finite, where d p is the geodesic distance on M from p and dv is the volume form 
of M induced by g. Notice that the volume entropy Ent v (M , g) only depends on 
the Riemannian universal covering, therefore it make sense to define the volume 
entropy of (^M,g^j as that of (M,g), i.e. 

Ent v (M, g) ■= Ent v (A/, g) . 

We refer the reader to the celebrated paper [5] (see also [7] and [5]) of G. Besson, 
G. Courtois and S. Gallot for an overview about the volume entropy and for the 
proof of the celebrated minimal entropy theorem. Combining ([1]) and |2]) we get 
the following corollary of Theorem [TJ 



Corollary 1. Let \J\I,gj be a Kahler manifold with diastasis T> p globally defined 

in same point p £ M and with volume entropy Ent v \ M, g^j ■ Then 

4n /~ _\ 

<Ent v [M,g . (5) 



It is then natural to give the following definition, where the geodesic distance is 
replaced by the diastasis function: 
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Definition 1. Let (M,g) be a Kahler manifold with globally defined diastasis T) p 
centered in p £ M , the diastatic entropy in p is defined by 



Ent d (M, g) (jp) = min jc e K+ : J e~ c v » — < ooj , (6) 
where w is the Kahler form associated to g. 

Our second result gives an analogous of the upper bound ^ in the Kahler case 
in terms of diastatic entropy. 

Theorem 2. Let (M,g) be a complete real analytic Kahler manifold with diastasis 
T> p globally defined in same point p £ M . Then 

Ent d 2 (M,g)(p) 
Ai (M, .g) < X (p) . (7) 

Since for complete symmetric manifolds (M, g) (see [20] and [10]) the first eigenvalue 
satisfies Ai (M,g) = Entv ( M,g ) ) we immediately deduce 

Corollary 2. Lei (M,g) be a complete symmetric Kahler manifold with globally 
defined diastasis T> p at same point p £ M . Then 

Ent v (M, g) < Ent d (A/, g) (p) . (8) 

We believe the validity of the following conjecture (for an explicit computation 
of the volume entropy of an Hcrmitian symmetric space of noncompact type see 

HZP- 

Conjecture 1. Let (M,g) be a complete symmetric Kahler manifold with diastasis 
T> p globally defined in same point p £ M . Then 

Ent v (AI, g) = Ent d (M, g) (p) . (9) 

if and only if M is the complex hyperbolic space CH n and g is a multiple of the 
hyperbolic metric g^. 

In Section [3] we specialize in the study of the first eigenvalue for Hermitian 
symmetric space of noncompact type (from now on HSSNCT). In Subsection 13.11 
we study the complex hyperbolic space Off", in particular we apply Theorem [T] 
to give an explicit lower bound for the first eigenvalue of a geodesic ball of Off™. 
As a consequence of our analysis we will see that inequalities ((T]) and ([7]) are sharp 
for (M,g) = (CLP 1 , ghyp)- In Subsection 13.21 we consider the euclidean space C™ 
and (as in Subsection 13. 1[) we apply Theorem [T] to give an explicit lower bound for 
the first eigenvalue of a geodesic ball of C n and we show that this estimation is 
in accordance with the celebrated Cheeger inequality. In Subsection 13.31 using the 
theory of Jordan triple system associated to an HSSNCT, we prove the following 
theorem which is the third and last main result of this paper: 
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Theorem 3. Let (f2,ghyp) be an n- dimensional HSSNCT with holomorphic sec- 
tional curvature between and —4 and rank r. Denote by Bp (t) C fl the geodesic 
ball of radius t and centre p, we have 

<\ 1 (B%{t),g hyv ). (10) 



rtanh 2 



For completeness we insert the following table describing the dimension and the 
rank of all irreducible HSSNCT (for a more detailed description of this invariants 
and other numerical invariant, which is not necessary in our approach, see e.g. pQ). 



Table 1. Irreducible HSSNCT, rank and dimension. 



Type 


rank 


dimension 






Oi [m, n] 


m 


nm 


(n 


< m) 


n 2 [n] 


[n/2] 


n(n - l)/2 


(n 


>5) 


n 3 [ n ] 


n 


n(n + l)/2 


(n 


>2) 




2 


n 


(n 


>5) 


n 5 [i6] 


2 


16 






n 6 [27] 


3 


27 
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2. Calabi's distasis and the proof of Theorem [T] and [2] 
The proof of Theorem Q] and [2] are based on the classical fact that 



Ai (M, g) = inf 



I M \W\ 



2 



(see Lemma [TJ and on non trivial properties satisfied by e~ cVp , c £ R and the 
diastasis function T> p . 

We briefly recall the main properties of Calabi's diastatis function. Let M be a 
complex manifold endowed with a real analytic Kahler metric g. Then in a neigh- 
borhood of every point p € M, one can introduce a very special Kahler potential 
Dp for the metric <?, which Calabi [9] christened diastasis. Recall that a Kahler 
potential is an analytic function $ defined in a neighborhood of a point p such that 
u) = TjddQ, where lj is the Kahler form associated to g. In a complex coordinate 



DIASTASIS AND THE FIRST EIGENVALUE OF A NON CPT KAHLER MANIFOLD 5 



system (z) around p one has: 

d d \ <9 2 $ 

9,k = 2 9 



jfc \dzj ' dzk J dzj dzk 

A Kahler potential is not unique: it is defined up to an addition with the real 
part of a holomorphic function. By duplicating the variables z and z a potential $ 
can be complex analytically continued to a function $ dchncd in a neighborhood U 
of the diagonal containing (p,p) £ Mx M (here M denotes the manifold conjugated 
to M). The diastasis function centered in p is the Kahler potential D p around p 
defined by 

D p (q) = $(q,q) + $(p,p) - I(p,?) - 
The basic properties of the diastasis function (see [3]) are the following: 

(i) it is uniquely determined by the Kahler metric and it does not depend on the 
choice of the local coordinates system or on the choice of the Kahler potential; 

(ii) it is real valued in its domain of (real) analyticity; 

(iii) it is symmetric in the sense that T> p (q) = T> q (p); 

(iv) it is equal to zero in the origin i.e. D p (p) = 0; 

(v) if d p (q) denotes the distance between p € M and q, then 

V p (q) = d 2 p (q) + 0(d 4 p (q)) when d p (q) -> 0+. 

We state here the hereditary property of the diastasis that we will use in the proof 
of Theorem [3] below, this is one of its main property, in particular it plays a central 
role in Calabi's paper [9]. 

Proposition 1. (The hereditary property, [9]J. Let (j) be a holomorphic map from a 
real analytic Kahler manifold M to another real analytic Kahler manifold N . Then 
<p is a Kahler map (i.e. an isometric holomorphic immersion) if and only if the 
diastasis T> of M is a restriction of the diastasis D N of N: 

V M (p,q)=D» p) (<H<Z)). 

In partiuclar if <f> : M —> N is a Kahler map then 

d q V™ (u) = d m V» (p) (fau) . 

The following lemma is the main ingredient in the proof of Theorem [T] and [2j 

Lemma 1. (See [U Lemma D.II.3]j Let (M 7 g) be a noncompact riemannian man- 
ifold, denote T-Lq (M) the completion of the space of the function C 1 -differentiate 

with compact support, with respect the norm f i— > ( f M f 2 + j M \dfY 



X 1 (M,g)= inf JM 



2 
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2.1. Proof of Theorem[TJ In order to prove Thcorcm[T]we will apply the following 
Barta's Lemma to the function <f> = e~ cVp . For completeness we will give a proof 
of this lemma. 

Lemma 2. (Barta's Lemma, Let <p : M R be a positive function such that 
A<fi > A <f>, then 

Ai (M) > A. 

Proof. Given / S Cq(M), we can write it as / = u<j), where u € Cq(M). We have 
||d/|| 2 = 2 ||H| 2 + u 2 ||d0|| 2 + i(^ 2 ,^ 2 >. 

As 

div (u 2 d<t> 2 ) = - tr V (u 2 # 2 ) = u 2 A<j> 2 - (du 2 , d0 2 ) 

we get 

!|rf/|| 2 = 4> 2 \\du\\ 2 + u 2 [\\d<t>\\ 2 + \ A^j - l - div (u 2 dej, 2 ) 

= 4> 2 \\du\\ 2 + u 2 0A0- - div (u 2 d4> 2 ). 

where we used that | A(j> 2 = <j)A4> — \\d(f>\\ 2 . Since u 2 d(j) 2 and df have compact 
support we have J M div (it 2 d<f> 2 ) = and J M \\df\\ 2 < oo, therefore 

\dff= I ((t> 2 \\du\\ 2 + u 2 cj) A0) 

M JM 



> I u 2 cj)A(j) = A / u 2 (f) 2 = A / f 2 

' M JM JM 



that is 



Im f 2 



> A, 



IM • 

by the arbitrariety of / and by Lemma [T]wc obtain Ai(M) > A. 



□ 



End of the proof of Theorem QJ Set 4> = e cI3p , we have 

A(j) = - tr(Vd</>) = c (tr (VdV p ) - c \\dV p \\ 2 ) 0, 

define X(p) = sup |jd 9 I?p|| 2 , using the identity VdV p (v,v) + \7dV p (Jv, Jv) = 
4cjf(-y , t;) we get 

Acj> >c{<in~cX{p))(t>, 
then by Barta's Lemma we obtain 

An 2 

A 1 >max[c(4n- C ^))] = — 
and this ends the proof of Theorem [T] 

□ 
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2.2. Proof of Theorem [H If X(p) =oowe are done. Suppose X(p) < oo and let 
/ = e~ cVp , we have 



211 JT» l|2„-2 C K D w " Ent d (M, ff )(p) 



|d/|| 2 = / c 2 \\dV p \\ 2 e~ 2cU " — - < oo, Vc> 
m ' Vm nl 

hence j M f 2 + J M \df\ 2 < oo for every c > Ent d WsXp) _ j n orc i cr to apply Lemma 

[T]to / we need of the following lemma. 

Lemma 3. Let (M,g) be a riemannian manifold and f G C l (M) such that ||/|ji.i = 

Im f 2 + Im m/i 2 < °°- ™^ / e «o 

Proof. Denote with d(q,p) the distance between two point p and g of M. Fix a 
point 5 and let us define K n = {p e M : d(p,q) < n}. Let <^>„ : M — >• [0, 1] be 
a bcll-shapcd function such that <p n (t) = 1 for \t\ < n and and <fi n {t) = for 
|t| > n + 1. Let us define <p(p) = <£(d(p, q)). For n > 1, consider the following 
sequence f n (p) = L Pn{p)f{p)- We want prove that the sequence f n converge to / 
with respect the norm || • | j x , i - Since J M \f\ 2 < oo, we have 



/ l/n~/| 2 < [ lif^O 
J M J M\K„ 



as n — ^ oo . (11) 



On the other hand 



\W-df n \\'= / \\df-fdp n -<p n df\y 

M JM 



|(1 - lf n )df - fdtpn\\ 
M 



2 



\\(i-<p n )df-fd<p n \\ 2 + \\df\\ 2 . 

lK n+1 \K„ JM\K„ + 1 

As J M \df\ 2 < oo, by the previous equation, we obtain 

lim f ||rf/-rf/ n || 2 = lim f \\{l- Vn )df-fdip n f. (12) 



IM rt-fou JK n+1 \K n 

Note that the bell-shaped function ip n (t) can be chosen in order to have \dip n (t) \ < 
cq- Therefore, as || gradd(-,g)|| = 1, we can assume ||c?</? n || < Co- We get 

||(l-^ n )d/-/^ n || 2 

K n+1 \K n 

< I \\dff-2{{l-y n )df, fd Vn )+c 2 \f\ 2 . 

JK n + 1 \K n 

Observe that J M \f\ 2 = Y,n=i J Kn+1 \K n l/l 2 therefore lim„_ s . 00 $ K n +i\K n l/l 2 = °> 
analogously lim,!-^ J K s K ||d/|| 2 = 0. Passing to the limits in the previous 
equation we have 



n— ^oo 



lim / \\(l-ip n )df-fdip n \\ 2 

lK n+1 \K n 
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< lim / -2 ((!-<?„)#, fdip n ) 



< lim / 2|l-p n ||/|||4f||||dp n || 

n ^°° J K n+1 _\K n 

< lim / 2c |/|||d/|| <2c Urn / |/| 2 + ||d/!| 2 = 0, 

hence by (fT2|) we conclude 



lim / \\df-df n \\ z = 0. (13) 
n ~^°° Jm 

Combining (fT3)l with (fTTj) . we see that lim^oo ||/„ — = 0. □ 



End of the proof of Theorem [2j By Lemma El for every c > 
f EUl{M). Then 

/ \\dff= I J\\dV p fe~^ 
Jm J m 



Ent d (M,g)(p) 
2 • 



I M JM 

<c 2 X(p) [ e~ 2cV ? 

JM 



so by Lemma [T] we get 



J M ||#|| 2 ^ Ent d 2 (M,<?)(p) 



Ai< lim Jlx r\ " < \ ' X(p), 



and this concludes the proof of Theorem [2j 



□ 



Remark 1. Consider the function f(z) = e ~ cd *( z ) f where d x (z) is the geodesic 
distance between x, z £ M . By the definition of the volume entropy we see that 
J M f 2 + j M \df\ 2 < oo for every c > EbIA^LjMpI _ fly Lemma\^ we see that f G 
■Hg(Af) for every c > Entv W g)(p) _ Therefore we can use f as test function in 
Lemma[]l obtaining inequality @. 

3. A LOWER BOUND FOR THE FIRST EIGENVALUE OF A GEODESIC BALL OF AN 
HSSNCT AND THE PROOF OF THEOREM [3] 

3.1. The hyperbolic space. Consider CH n = {z e C" : ||z|| 2 = \ Zl \ 2 H h \z n \ 2 < 

the complex hyperbolic space endowed with the hyperbolic metric <?hyp of constant 
sectional curvature —4. The associated Kahler form is given by 

Uhyp = - l -dd\og{l-\\z\\ 2 ). 

The diastasis is globally defined and it reads 

D hy >,z) = - log ( (^l^ll 2 ) 0_-HI 2 ) \ = 21ogcosh(d hyl >,z)) , (14) 
\ |1 — zw\ } ^ ' 
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where zw = Z\W\ + • • • + z n w n and 



d hyp (w,z) =arctanhf f W j[ V (15) 
V|l-wz|y 

is the geodesic distance between w and z. 
Notice that Entd(Ci? ra , <?hyp) = n, indeed 

-nT> hyp hyp / /-, i |2\ a—n—1 UJn 

e au ° — y£ - = / (1- \zr) — Y < oo O a > n, 
Ci/» « ! •/ciT* n! 

where u>o is the restriction to CH n of the flat form of C". 

By applying Theorem Q] one can calculate a lower bound of Ai of a geodesic ball 
B%(t) C CH n of radius t and center y. Namely, by (14]) we obtain \\d z V^ yp \\ 2 = 
4 |jz|| 2 , moreover by (ED we get d|j yp (z) = tanh _1 (||2;||), so ||d 2 X>o yp || 2 < 4tanh 2 (t) 
for any z £ B^{t). Then by Theorem Q] 

SffiO^Wl**)' (16) 

3.2. The euclidean space. Consider B*(t) = {x £ C™ : |jz|| < t} the ball of C" 
of radius t with the induced euclidean metric g e . The diastasis T>q centered at the 
origin is given by T>q(z) = ||z|| 2 , so ||d z 2?§|| 2 = 4||z|| 2 . By Theorem[T]we get 

n 2 

- < X 1 {B e y (t), g e ) , 
which is in accordance with the celebrated J. Cheeger inequality 

^^<A l( M, 5 ), (17) 

where h [M, g) is the constant defined as the minimum of V °voi(,ff^ among the 
compact domain D of M . In fact the isoperimetric inequality give us 



h(B e Jt), g e ) = min 



Vol n _!(a (B°(s),g h )) 



e(o,t) Vol (Bl (s) , g e ) 

Voln-iCaBg (t),g e ) = 2n 
Vol (B- (t) , g e ) ~ t ■ 

3.3. Hermitian positive triple system and proof of Theorem [3l We refer 
the reader to |18j (see also |16j ) for more details on Hermitian symmetric spaces 
of noncompact type and Hermitian positive Jordan triple systems (from now on 
HPJTS). 

3.4. Definitions and notations. An Hermitian Jordan triple system is a pair 
{Ai, {,,}), where Ai is a complex vector space and {, , } is a map 

{,,}:M xM xM^M 

(u, v, w) H- { u, v, w} 
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which is C-bilinear and symmetric in u and w, C-antilinear in v and such that the 
following Jordan identity holds: 

{x, y, {u, v, w}} - {u, v, {x, y, w}} = {{x, y, u}, v, w} - {u, {v, x, y}, w}. 

For x, y, z £ Ai consider the following operators 

T(x, y)z = {x, y, z) 

Q(x, z)y= {x, y, z) 

Q(x, x) =2Q{x) 

B (x, y) = \A M -T (x, y) + Q (x) Q (y) . 

The operators B (x, y) and T (x, y) are C-linear, the operator Q (x) is C-antilinear. 
B (x, y) is called the Bergman operator. For z € Ai, the odd powers z*- 2p+1 ) of z 
in the Jordan triple system Ai arc defined by 



An Hcrmitian Jordan triple system is called positive if the Hermitian form 

(it | v) = tr T (u, v) 

is positive definite. An element c G Ai is called tripotent if {c, c, c} = 2 c. Two 
tripotcnts c\ and C2 are called (strongly) orthogonal if T(ci, C2) =0. 

3.5. HSSNT associated to HPJTS. M. Koecher ([12], [13]) discovered that 
to every HPJTS (Ai,{,,}) one can associate an Hermitian symmetric space of 
noncompact type, i.e. a bounded symmetric domain f2 centered at the origin € M. 
The domain f2 is defined as the connected component containing the origin of the 
set of all u € Ai such that B (u, u) is positive definite with respect to the Hcrmitian 
form (u I v) = trT(u, v). We will always consider such a domain in its (unique 
up to linear isomorphism) circled realization. Suppose that Ai is simple (i.e. £1 is 
irreducible). The flat form loq is defined by 



Where 7 is its genus. If (z\, . . . , Z4) (d = dim(A^)) are orthonormal coordinates for 
the Hcrmitian product (u \ v), then 

. d 



z 



z 



(2P+D = Q( Z ) sPP-l). 





rn — 1 



The reproducing kernel of f2, with respect cjq is given by 



(Kn (z, z j) 



-1 



C det B(z, z) , 



(18) 
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where C = f n ^j-. When f2 is irreducible 

1 

^hyp — — 7T- dd log det B. 

2-f 

is the hyperbolic form on SI, with the associated hyperbolic metric ghyp whose holo- 
morphic sectional curvature is between and —4. The HSSNCT associated to M. 
is (f2, ffhyp)- Moreover the hyperbolic form is related to the flat form by 

Whyp u) = u (B(z, z)~V u). (19) 

Example 1. The hyperbolic space. Suppose M. = C and {x, y, z} = 2xyw. The 
associated operators are 

T(x, y) = 2 x v 
Q(x) y = x 2 y 
B(x, y) = (1-xy) 2 . 

Therefore the domain 

!!={z6C : B(z, z) > 0} 
is the unitary disc of C and the hyperbolic form is 

= -£aaio g (i - VA 2 ). (20) 

Namely (f2, ffhyp) is the hyperbolic space CH 1 with the hyperbolic metric of curva- 
ture —4. 

The HPJTS (M ,{,,}) can be recovered by its associated HSSNT fl by defining 
M = TqH, (the tangent space to the origin of fi) and 

{it, W, w} = —- (Rq (u, v) W + J Rq (u, J v) w) , 

where Rq (resp. Jo) is the curvature tensor of the Bergman metric (resp. the com- 
plex structure) of f2 evaluated at the origin. The reader is referred to Proposition 
III. 2. 7 in [5] for the proof of p.5[) . For more informations on the correspondence 
between HPJTS and HSSNT we refer also to p. 85 in Satake's book [T5]. 

3.6. Totally geodesic submanifolds of HSSNT. We have the following result: 

Proposition 2. Let Vl be a HSSNT and let M be its associated HPJTS. Then 
there exists a one to one correspondence between (complete) complex totally yeodesic 
submanifolds throuyh the origin and sub-HPJTS of Ai . This correspondence sends 
T C fi to T C M., where T~ denotes the HPJTS associated to T . 

3.7. Spectral decomposition and Functional calculus. Let M. be a HPJTS. 

Each element z € M. has a unique spectral decomposition 

z = Ai ci H h A s c s (0 < Ai < • • • < A s ) , 



12 



R. MOSSA 



where (ci, . . . , c s ) is a sequence of pairwise orthogonal tripotents and the Xj are 
real number called eigenvalues of z. The integer s = rk(z) is called rank of z. For 
every z <G .M let max{z} denote the largest eigenvalue of z, then max{-} is a norm 
on Ai called the spectral norm. It is worth to point out that the HSSNT ft C Ai 
associated to Ai is the open unit ball in Ai centered at the origin (with respect the 
spectral norm), i.e., 

s 

Q = {z = Xj Cj | max{z} = max{Aj} < 1}. 

The rank of Ai is rk(.M) = max{rk(z) | z <G M}, moreover rk(A^) = rk(O) = r. 
The elements z such that rkz = rk.M are called regular. If z € M. is regular, with 
spectral decomposition 

z = Ai ei + ■ ■ • + X r e r (Ai > • • • > A r > 0), 

then (ei, . . . , e r ) is a (Jordan) frame of M, that is, a maximal sequence of pairwise 
orthogonal minimal tripotents. 

Using the spectral decomposition, it is possible to associate to an odd function 
/:I^Ca map F : M -> M as follows. Let z £ M and let 

z = Ai ci H h A s c s , < Ai < • • • < A s 

be the spectral decomposition of z. Define the map F by 

F(2) = /(A 1 )c 1 + --- + /(A s )c s . 

If / is continuous, then F is continuous. If 

N 

f(t) = j2^t 2k+1 

k=0 

is a polynomial, then F is the map defined by 

JV 

F(z) = J2 a kz (2k+1) (zeM). 

k=Q 

If / is analytic, then F is real-analytic. If / is given near by 

oo 

f(t)="£a k t 2k +\ 

k=0 

then F has the Taylor expansion near G Ai: 

F{z)^Y,a k z^\ 

k=Q 

Example 2. Let P = (CH 1 ) 1 C (<C l ,{,,}) be the polydisk embedded in is its 
associated HPJTS (C f , {,,}), endowed with the hyperbolic metric induced by ([20]) . 
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Define Cj = (0, . . . , 0, e t6j , 0, . . . , 0) , 1 < j < £. The Cj are mutually strongly 
orthogonal tripotents. Given z = (pi e 1 , . . . , pt e lSf ) £ C , z ^ 0, then up to a 
permutation of the coordinates, we can assume < p\ < p2 < ■ • • < pi- Let i\, 
1 < ii < £, the first index such that pi ± ^ then we can write 

z = p n (c h H 1- c i2 _i) + /9,; 2 (ci 2 H h c^ 3 _i) H h pi s (c is H h c Js+1 _i) 

with < pi x < pi 2 < ■ ■ ■ < pi s = pi and i s+ i = £ + 1. The Cj's, defined by 
Cj = Cij + ■ • • + Cj, +1 -i, arc still mutually strongly orthogonal tripotents and z = 
Ai ci + • • • + A s c s with Aj = p^ , is the spectral decomposition of z. 

Suppose that z = Y^j=i c j * s a regular point, then Cj = e l9j , 1 < j < I. So the 
exponential map exp^ : C £ = Tb_P — > P can be written as 



exp^(z) = ( tanh(|zi|) . . . , tanh (\ze |) ) = Vtanh(A J ) ( 



(21) 



and exp^ (0) = 0. Note that cxp^ 3 (z) = Ylj=i t ann (<\j) c j is the spectral decom- 
position of exp^ (z), so the distance from the origin of exp^ (0) = is given by 



d hyp (0, exp^(z)) 



£4 (22) 

3=1 



3.8. Polar coordinates. Let M be the set ot tripotents elements of the positive 
Jordan triple of Ai. Then M is a compact sub-manifold of Ai (with connected 
components of different dimensions). The height k of a tripotent element c is the 
maximal length of a decomposition c = Ci+- • -+Cfe into a sum of pairwise orthogonal 
(minimal) tripotents. Minimal tripotents have height 1, maximal tripotents have 
height r = rkvW. Denote by the set of tripotents of height k. If Ai is simple 
(that is, if Q, is irreducible), the submanifolds are the connected components 
of M. 

The set T of frames (also called Fiirstenberg-Satake boundary of ft): 

T = {(ci, . . . , Or) | Cj & Mi, c 3 _L c k (1 < j < k < r)} , 

(where Cj _L Cfc means orthogonality of tripotents: T(cj,Ck) = 0) is a compact 
submanifold of Ai r . The map F : {Ai > • • • > A r > 0} x T — ? Ai lcg defined by: 

((Ai, . . . , X r ) , (Ci, . . . , C r )) l-» ^ X 3 C 3 ( 23 ) 

is a diffeomorphism onto the open dense set Ai le g of regular elements of Ai, more- 
over its restriction 

{1 > Ai > • • • > A r > 0} X T -> Oreg 

is a diffeomorphism onto the set fi re g of regular elements of tt. This map plays the 
same role as polar coordinates in rank one. 
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3.9. Geodesies and geodesic distance of HSSNT. Let M a HPJTS with its 
associated HSSNCT f2 c M. For every point z e M = TqCI, by the polydisc 
Theorem (see [H]), there exists a totally geodesic polydisc P = (Ci/ 1 ) 1 ^ C f2 of 
maximal rank r = rk(fi), trough the origin G M such that z £ TqP. Assume that 
z = c j i s a regular point then by Proposition [2] and (|21[) . the exponential 
map in polar coordinates is given by 

r 

cxpp (z) = tanh (Aj) Cj . 

3 = 1 

On the other hand, by (|2"2")l . the distance from the origin of z is given by 

r 

d hyp (0, z) = ^arctanh 2 (A,-). (24) 

3.10. Proof of Theorem [3j By using the rotational symmetries of f2 C A4 one 
can show that the diastasis function at the origin Dq YP : M — > R, associated to 
ffhyp, is globally defined and reads as 

D^ p (z) = -\og(CK n (z,z)), 

7 

where C = J n ^r, (see Q3] for a proof and further results on Calabi's function for 
HSSNT). 

Let z € f2 be a regular point and let z = Sj=i c j be its expression in polar 
coordinates. We have that (see [18] for a proof) 

B(z, z)cj = j = l,...,r, (25) 

r 

detS(z, z) = [] (1 - A 2 ) 7 , 

3=1 

Thus CHJ yields, 



1 r 
^S yP (*) = logdet B (z, z) = - log Yl (1 A 



2\ 

3=1 



SO 

2A 



^ hyp = E I 



-2 dAj. 



By (|2"T]) we see that for j = 1, . . . , r the curve Xj n- A_, Cj is the support of the arc 
length geodesic j(t) = tanh(t) Cj, therefore we get 

\\d\j\\ = tanh(t)| t=a rctanh a 3 = 1 - A 2 V j = 1, . . . , r. (26) 
Identifying T z il = VW, we note that ci, . . . , c r are orthogonal with respect (• | •), so 



by (|T9|) and ([25]) . they are orthogonal also with respect the hyperbolic metric. We 
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conclude that d\i, . . . , dXj are orthogonal with respect the dual metric. Then 

IK^ yP H 2 = £ \\d\ 3 \? = 4 E A 2 , (27) 

j= i (1 - Aj) j= i 

where the last equality is attained using (f2Gl) . 



Assume that z G .B"(i), namely by ([M]), that JYZ=i arctanh 2 (A.,) < t. By the 



concavity of the function arctanh 2 ( -\/| • | ) we get: 




y/r arctanh I — -= J < arctanh 2 (Aj) < t, 

3 = 1 

thus 

gA3<,W(£). 
Substituting the previous inequality in (|27p we get 

t 



X(0)= sup ||d 2 2? || < 4rtanh 

We conclude, by applying Theorem [U that 

n 2 

—7— -r < Ai (B p (i), 3 hyp ) , 

rtanh 2 (^) 

for any p e fi. This is exactly what we want proof. □ 
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